Abstract-The problem of integer balancing of a three dimensional matrix with constraints of the second type is studied. The elements of the inner part (all three indices are greater than zero) of the three dimensional matrix are summed in each direction and each section of the matrix; the total sum is also found. These sums are placed into the elements where one or more indices are equal to zero (according to the summing directions). The problem is to find an integer matrix of the same structure, which can be produced from the initial one by replacing the elements of the inner part with the largest previous or the smallest following integer. At the same time variations of the sums of elements from that in the initial matrix should be less than 2 and the element with three zero indices should be pro duced with standard rules of rounding off. Some solvability classes for this problem are defined. Also, a model of reducing this problem to a problem of finding the maximal flow in a multiple network and an algorithm for the corresponding flow problem are suggested. A polynomial algorithm for the par ticular case of n = 2 is described.
1
1. STATEMENT OF THE PROBLEM Different problems of integer balancing appear in management, economics and finance. For example, this problem is set when planning railway cargo transportations. We have a matrix plan of empty goods trucks dispatch grouped by several indices (i.e. direction, type of truck, owner etc.). This plan is a month compilation and values are integers. But we have to send trucks daily. If we divide our plan by the number of days in a month, we will get fractional values. In this case we get a problem of rounding off the main parameters where the totals should be between some limits. Such a plan can be presented in the form of a k dimensional matrix, where k is a number of summing indices.
A problem of integer balancing of a three dimensional matrix was studied in articles [1] [2] [3] . We have a real matrix A with non negative elements a ijp ( ). The balance conditions are met for this matrix:
each
element with several zero indices is equal to the sum of all elements, where non zero indices remain the same and zero indices are replaced by all possible non zero values from the range.
The requirement is to perform rounding off for each element of the matrix to the largest previous or the smallest following integer (the element a 000 is replaced by the nearest integer). Besides that, the bal ance conditions should be met for the resultant matrix. This problem will be called a problem of integer balancing of a three dimensional matrix with constraints of the first type.
The rounding off conditions for this problem mean that variations of the elements in the resultant matrix from that in the initial matrix should be less than 1. But let us concede that variations of the sums of elements from that in the initial matrix may be less than 2 (excluding the element a 000 ). So we get the statement of a problem of integer balancing of a three dimensional matrix with constraints of the second type. Without loss of generality, we may assume that the elements a ijp ( ) of the initial 1 The article is published in the original.
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We have a real matrix A with non negative elements a ijp ( ). The balance con ditions are met for this matrix:
We are required to find an integer balanced matrix D of the same size, which satisfies the following con ditions:
Also, the balance conditions should be met for the matrix D.
REDUCING TO THE MAXIMAL MULTIPLE FLOW PROBLEM
The solution of the balancing problem with constraints of the first type can be obtained as a solution of a problem of finding the maximal flow in a multiple network of the multiplicity 2, as it stated in work [2] . We will recall that the multiple network of any natural multiplicity k is an oriented multigraph G(X, U) whose vertices are connected by arcs of three types:
1-an ordinary arc u o with its capacity c(u o ), the flow on this arc is not linked with a flow on any other arc; denote by U o the set of all ordinary arcs;
2-a multiple arc u k between two vertices, which consists of k arcs with the same orientation, the same capacity c(u k ) and the same flow on each arc; denote by U k the set of all multiple arcs;
) .
3-a linked arc u between two vertices, which is linked with k-1 arcs, all k arcs have one common end; the set of linked arcs starting from one common vertex, or ending in one common vertex will be called a multi arc u m ; all linked arcs of one multi arc have the same orientation, capacity and flow on them; denote by U m the set of all multi arcs. The set of starting arcs for any vertex is only multiple arcs, or only one multi arc (k linked arcs), or only ordinary arcs.
Only multiple arcs start from the network source x 0 and only one multi arc ends in the sink z. If a vertex is a common starting vertex for linked arcs of a multi arc, this vertex is definitely an ending vertex for one or more multiple arcs. If a vertex is a common ending vertex for linked arcs of a multi arc, this vertex may be a starting vertex only for some multiple arcs. The capacities of all arcs are integers.
Let us call a multigraph G(X, U) satisfying all conditions listed above a multiple (transportation) network. The multiple flow in network is an integer function defined on the set of arcs U o ∪ U k ∪ U m , which is non negative, limited (by the capacities) and continuous (in any vertex). The multiple flow value is a sum ϕ z of the flow coming in the sink z equal to the flow coming out the source. Because of the integer values of the flow on each ordinary and each linked arc of any multiple and multi arc, the value of ϕ z should be divisible by k. As usual, denote by c(u) the capacity of arc u and denote by f(u) the flow on it.
The following is a model of reducing the integer balancing problem with constraints of the second type to the multiple network of the multiplicity 2. Each element a ijp of the matrix A corresponds to the vertex x ijp in the network. Each vertex x ijp with one or more zero indices also corresponds to an additional vertex
The vertices z k (k = 1, 2) precede the sink z and correspond to additional vertices The capacities of the multiple arcs ( ):
The capacity of each linked arc for all multi arcs starting from the vertex x ijp is The capacities of linked arcs ending in the vertex z are c(z k , z) = (k = 1, 2).
The capacities of the ordinary arcs ( ):
Figure represents the resultant multiple network G(X, U) of integer balancing of a three dimensional matrix. Only vertices with values 0, 1 and n, m, t for i, j, p indices, correspondingly, are shown. The mul
).
Multiple network of integer balancing of a three dimensional matrix tiple arcs are presented by bold arrows (all multiple arcs with their starting and ending vertices are shown twice in the parts G 1 and G 2 of the network G). The linked arcs of the multi arcs are presented by double arrows, the second arrow marks their common end (a multi arc consisting of two linked arcs starting from z 1 and z 2 ends in the sink z; each vertex x ijp ( ) is a starting vertex for a multi arc which have one end in the part G 1 and other in the part G 2 ).
Examine the following conditions (which are called the solvability conditions):
The multiple and ordinary arcs incident to two basic vertices (without the apostrophe) are called the basic arcs. Other arcs are additional arcs.
Theorem 1. The problem of integer balancing of a three dimensional matrix with constraints of the second type is solvable only in case when there exists a maximal multiple flow ϕ in the corresponding multiple network whose value is
and which satisfies the solvability conditions (1). The correctness of theorem 1 follows from the rules of network constructing and from the condition of continuity of the flow in each vertex. Note that a solution of this kind of the maximal multiple flow prob lem will correspond to the solution of the integer balancing problem with constraints of the second type. The rules of converting the maximal flow to an integer matrix are similar to those for the problem with constraints of the first type (see [2] ). It means, that d ijp is equal to half of the flow coming through the vertex x ijp incident to a multiple arc and is equal to the flow coming through the vertex x ijp incident to an ordinary arc.
Note 1. The class of solvable balancing problems with constraints of the second type is wider than the class of solvable balancing problems with constraints of the first type. Indeed, any solution of the problem with the first type constraints is a solution of the problem with the second type constraints too. The oppo site is not true. For example, let n = m = t = 2 for the matrix A where elements a 112 = a 121 = a 222 = 0.5 and any other element of the inner part is equal to 0. This example has a solution when constraints are of the second type and has not when they are of the first type.
Recall some definitions linked to the multiple networks of integer balancing of multiplicity 2, which will be used further (for more details see [2] ).
The union of the multi arc which starts from the vertices z 1 , z 2 and ends in the vertex z with two routes μ r (r = 1, 2) each of them being an oriented route from the vertex x 000 to the vertex z r in the corre sponding network part G r is called a generalized route if each route μ r goes through the same vertex x ijp with non zero indices i > 0, j > 0, p > 0.
The multiple flow is called complete if any generalized route from the vertex x 000 to the vertex z has at least one arc u (ordinary, multiple or multi arc) where the flow on it equals its capacity f(u) = c(u).
Projection C r (r = 1, 2) of a subgraph C on the network part G r is a part of the subgraph C formed of its vertices and arcs included in G r .
The network parts G r (r = 1, 2) are obviously ordinary transportation networks with the source x 000 and sink z r . Let us call some route from x 000 to z r a breakthrough route in the part G r if f(u) < c(u) on the direct arcs and f(u) > 0 on the reverse arcs of this route.
Let ϕ be a flow in the multiple network with the value ϕ z ≥ 0. A multiple cycle in the network G(X, U) (X is a set of vertices, U is a set of ordinary, multiple and multi arcs) is a subgraph C(X', U'), X' ⊆ X, U' ⊆ U which satisfies the following:
1-the projections C 1 and C 2 on the parts G 1 and G 2 , correspondingly, are the unions of some ordinary cycles where arcs with non zero flow may be included as reverse arcs;
2-the projections C 1 and C 2 are adjusted (equal) on the common part of the subnets G 1 and G 2 ;
3-C 1 can be presented in the form C 1 = ∪ , where are some cycles and ⊄ for any j ≠ k; at the same time, each arc u from G 1 satisfies the following condition:
is a number of cycles in which the arc u is included as a direct arc and a -(u) is a number of cycles in which the arc u is included as a reverse arc. The same condition should be true for C 2 , too. A multiple breakthrough route in the network G(X, U) with a flow ϕ is a subgraph S(X', U'), X' ⊆ X, U' ⊆ U which satisfies the following:
1-the projections S 1 and S 2 on the parts G 1 and G 2 , correspondingly, are the unions of exactly one breakthrough route from x 000 to z 1 or z 2 with some ordinary cycles where arcs with non zero flow may be included as reverse arcs; also S includes a multi arc ending in the vertex z;
2-the projections S 1 and S 2 are adjusted (equal) on the common part of the subnets G 1 and G 2 ;
3-S 1 can be presented in the form , where μ 1 is a breakthrough route, are some cycles and for any j ≠ k; at the same time, each arc u from G 1 satisfies the following condition:
where a + (u) is a number of elements from the set in which the arc u is included as a direct arc and a -(u) is a number of elements from the set in which the arc u is included as a reverse arc. The same condition should be true for S 2 , too.
4-S includes no multiple cycle.
SOLVABILITY CLASSES FOR THE PROBLEM OF INTEGER BALANCING
WITH CONSTRAINTS OF THE SECOND TYPE As we showed in the previous section, the problem of integer balancing of a three dimensional matrix with constraints of the second type may have solutions while the problem with constraints of the first type has not. That is why, the question about solvability classes for the second problem is set.
Theorem 2. The problem of integer balancing of a three dimensional matrix with constraints of the second type has solutions when n = 2, or m = 2, or t = 2.
Proof. We will prove the theorem for the case n = 2. The argumentation in two other cases will be the same.
If n = 2, then Hence, in the problem constraint (2) the left part will be always equal to 0 and if At the same time, may be equal only to 0, 1 or 2. If the right part of the condition equals 1 and Consequently, the con dition (2) will always be true when n = 2. Now we will show how an integer matrix D satisfying all other problem constraints can be got. For that purpose we will solve a two dimensional problem of integer balancing for the matrices and which are the sections of the initial three dimensional matrix by i = 1 and i = 2, correspond ingly. The root conditions for these two problems are a pair from the following:
1-if the root conditions are and 2-if the root conditions are and 3-otherwise, for those a i00 , whose fractional part is greater, we should solve a problem with the root condition For other a i00 the root condition is where i' = 3 -i. If the fractional parts are equal, assume This approach obviously leads to the condition for i = 1, 2; hence, both two dimensional problems can be reduced to a problem of finding a maximal flow in the ordinary transporta tion network (for reducing algorithm see [5, 6] ). This problem may be solved with the Ford Fulkerson labeling algorithm (see [7] ) in a polynomial time. Note, that reducing the two dimensional problem to the flow problem is polynomial, hence the problems for the matrices A 1 and A 2 can be solved in a polynomial time.
After finding the solutions D 1 and D 2 of the two dimensional problems, assume and Elements of the section are got as the sum of the corresponding elements from the sections and Next we will show that the resultant matrix D is the solution of a three dimensional problem.
The following from the results of articles [5, 6] is that both two dimensional problems are always solv able and each solution will satisfy the conditions: 
Thus, from (2)-(12) it follows that the resultant integer matrix D satisfies all conditions of the problem of integer balancing of a three dimensional matrix with constraints of the second type (the condition is automatically true due to the two dimensional problem algorithm), quod erat demonstrandum.
Corollary. The solution of the problem of integer balancing of a three dimensional matrix with con straints of the second type can be found in a polynomial time if n = 2, or m = 2, or t = 2.
Indeed, the proof of theorem 2 contains the polynomial algorithm for solving such a problem based on the solution of the two dimensional problem of integer balancing for the sections of the initial matrix and in case when n = 2 (the cases m = 2 and t = 2 are similar). Now, we have to define some new denotations in order to prove the following theorem. Suppose, that both integer balancing problems are solved for the same three dimensional matrix A, and reducing to the multiple network of integer balancing is performed in both cases. Denote by G We have to operate the capacities in the network G
, so recall the principles of setting these val ues. The capacities of the multiple arcs ( ):
The capacity of each linked arc for all multi arcs starting from the vertex is The capacities of two linked arcs ending in the vertex z are (k = 1, 2).
Note, that the solvability conditions for the problem with constraints of the first type may be formally written like the solvability conditions (1) for the problem with constraints of the second type. The great number of solvable problems with the second type constraints is determined only by the difference between the arc capacities in the multiple network.
Theorem 3. Suppose, that the problem of integer balancing of a three dimensional matrix with con straints of the first type has no solution and the maximal flow value in a multiple network is Then, the problem of integer balancing with constraints of the second type is solvable.
Proof. The maximal flow value in the multiple network is but the problem is not solvable, hence, this flow does not satisfy the solvability conditions (1) . Transfer this flow from the net work to the network . This process should be performed in the way when all flows through the vertices x ijp ( ) and also z 1 , z 2 and z are the same in both networks. In this case, the flow on some basic arc (a, b) in the first network may be greater than the capacity of this arc in the second network. Then, we need to direct the excess of that flow on the corresponding additional arcs. Because of networks construction, this is always possible (the maximal flow value through the con crete vertex in the network is always greater or equal the similar value for this vertex in the net work ).
It is obvious that the flow value in the network will be after the transfer. Now, we need to show that the flow will satisfy the solvability conditions (1).
Note, that
(15) 1 (X, U 1 ) is then, because of this network construction, (16) ;
( 1 7 ) (18)
By merging (16)- (17), (18)- (19) and (20)- (21), we get
Consequently, if we take in consideration the limitation of the flow by the arc capacities,
By merging conditions (25)-(27) with conditions (13)- (15), we get that the flow on all basic arcs of that kind in the network will be greater or equal to the capacity of the corresponding arcs in the net work Hence, the performed flow transfer leads to the equalities
that provide the correctness of the solvability conditions (1) for the problem of integer balancing of a three dimensional matrix with constraints of the second type. At the same time the flow value in the net work
is . Hence, this flow corresponds to the solution of the integer balancing problem.
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Summing up all presented above, we note that we have proved that the problem of integer balancing of a three dimensional matrix with constraints of the second type is solvable when:
1-the maximal flow value in the multiple network of integer balancing of a three dimensional matrix for the problem with constraints of the second type is and this flow satisfies the solvability conditions (1) (the general solvability criterion);
2-the problem of integer balancing with constraints of the first type is solvable; 3-n = 2, or m = 2, or t = 2; in this case, there exists a polynomial algorithm; 4-the problem of integer balancing with constraints of the first type has no solution but the maximal flow value in the corresponding multiple network of integer balancing is .
4. ALGORITHMS FOR THE PROBLEM SOLUTION In conclusion, we will describe some algorithms for our problem solution. As it was shown in Section 2, it is sufficient to find a flow of the value of in the multiple network which satisfies the solvability conditions (1). Then, we will get the solution of the problem of integer balancing of a three dimensional matrix with constraints of the second type. This procedure can be completed by the following algorithm consisting of 3 stages:
1. Finding a complete flow. We will increment the multiple flow by finding all possible generalized break through routes from x 000 to z, which go through the vertices x ijp ( ) without reverse arcs, and increasing the flow on them. As a result, we will get the complete flow.
2. Maximizing the flow. If our complete flow is not maximal we'll maximize it with the generalized labeling algorithm (see [8] ) until it becomes maximal. Recall the idea of generalized labeling algorithm. We build breakthrough routes μ 1 and μ 2 (perhaps, they are united with some cycles) in the projections G 1 and G 2 in turns. The process continues until we get the adjusted routes in both projections or until no vari ant of further route building exists. In the first case the union of the routes μ 1 and μ 2 with the multi arc ending in z is the generalized breakthrough route. In other cases, we perform the rollback to the "branch ing point" where we would resume the algorithm. If a branching point is the vertex x 000 and x 000 has no label, the integer balancing problem has no solution.
3. The flow correction. If the maximal flow has the value of but does not satisfy the solv ability conditions (1), we perform the flow correction with the modified generalized labeling algorithm (see [2] ) until the conditions become correct or the impossibility of such a correction is ascertained.
Theorem 4. The solution of the problem of integer balancing of a three dimensional matrix with con straints of the second type can be found by the algorithm listed above.
Proof. Note that the multiple network corresponding to the problem of integer balancing of a three dimensional matrix with constraints of the second type is a partial case of the divisible network (the class of such networks was studied in article [8] ). Consequently (Theorem 4 from [8] ), the maximal multiple flow in this network can be found with the stages 1-2 of our algorithm.
Also note that repeating the argumentation from the part II of Theorem 5 from [2] , we can show that the stage 3 of our algorithm corrects the flow in according with the solvability conditions (1) always when it possible.
These notes prove the theorem. Note 2. Obviously, the above algorithm is exponential. It is known that the problem of integer balancing of a three dimensional matrix with constraints of the first type is NP complete (see [1] ). The question about the polynomial solvability of the problem with the second type constraints is open now.
As is said in Section 3, the polynomial algorithm may be obtained for the case when n = 2, or m = 2, or t = 2. This algorithm is based on the algorithm for the two dimensional integer balancing problem. The following is a formalization of this algorithm for the case n = 2.
1. Select the plain matrices and which are the sections of the initial three dimensional matrix by i = 1 and i = 2, correspondingly.
2. Solve the two dimensional problem of integer balancing for the matrices A 1 and A 2 . The root condi tions for these two problems are a pair from the following:
1-if the root conditions are and 2 a 000 0.5 + 2 a 000 0.5 + 2 a 000 0.5 +
2 a 000 0.5 + 
2-if
the root conditions are and 3-otherwise, for those a i00 , whose fractional part is greater, we should solve a problem with the root condition . For other a i00 the root condition is where i' = 3 -i. If the fractional parts are equal, assume An algorithm, which reduces the problem of integer balancing of a two dimensional matrix plan to the problem of finding a maximal flow in the transportation network, is shown in articles [5, 6] . By applying it to our matrices A i (i = 1, 2), we get the following rules:
1-Each element a ijp from the matrix A i corresponds to the network vertex x ijp , the element a i00 also corresponds to the additional vertex z i00 . by the arc with the capacity of Then, we find a maximal flow in two networks built for the matrices A 1 and A 2 with the Ford Fulkerson labeling algorithm (see [7] ). 
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